Abstract Integrable discretizations of the complex and real Dym equations are proposed. N -soliton solutions for both semi-discrete and fully discrete analogues of the complex and real Dym equations are also presented.
known that the Dym equation is transformed into the modified KdV (mKdV) equation by the hodograph (reciprocal) transformation [6, 7, 8, 9] .
The mKdV equation
where u is a real function with respect to s and t. Here the case of "+" sign corresponds to the focusing mKdV equation and the case of "−" sign corresponds to the defocusing mKdV equation. Introducing a real function θ(s, t) such that u(s, t) = ∂ ∂s θ(s, t), this leads to the potential mKdV equation
For the focusing mKdV equation 
Using the conserved density of this conservation law, we consider the hodograph (reciprocal) transformation [8, 9] z(s, t) = s 0 e iθ(s ′ ,t) ds
which leads to 
Applying (6) to (4) and introducing a new dependent complex variable r = ∂z ∂s = e iθ , we obtain the complex Dym equation
which leads to
via r = v 
A reciprocal link between the potential defocusing mKdV equation and the real Dym equation is deeply related to a conservation law
Using the conserved density of this conservation law, we consider the hodograph (reciprocal) transformation [8, 9] x(s, t) = s 0 e θ(s
Applying (12) to (10) and introducing a new dependent real variable r = ∂x ∂s = e θ , we obtain the real Dym equation
via r = v −   1 2 . The tau-functions and bilinear equations of the complex and real Dym equations (i.e., the focusing and defocusing mKdV equations) are given as follows:
1. The complex Dym equation is transformed into the bilinear equations of the focusing mKdV equation
and the hodograph (reciprocal) transformation
where τ * is a complex conjugate of τ . In this case, there are two types of explicit soliton solutions which are N -soliton and M -breather solutions. These solutions can be expressed by Wronskians. N -soliton solution:
where 
In this case, there is an N -cusped soliton solution which can be expressed by Wronskians:
The above bilinear equations are obtained from the following bilinear equations which belong to the modified KP hierarchy (the two-dimensional Toda lattice hierarchy):
by imposing the conditions
(for the real Dym equation, the second condition is replaced by τ (k + 1) = Cτ (k)) and denoting τ = τ (0).
2 Integrable semi-discrete analogues of the complex and real Dym equations
These tau-functions satisfy the bilinear equations
Proof See [10, 11] .
Theorem 1 An integrable semi-discrete analogue of the complex Dym equation is given by
where r l , Z l ∈ C, t, ǫ ∈ R, l ∈ Z. The semi-discrete complex Dym equation is transformed into the bilinear equations
via the dependent variable transformation
where τ * l is a complex conjugate of τ l . The N -soliton solution is given by
The M -breather solution is given by
where
Proof Here we show that the tau-functions of the bilinear equation (34) 
This can be rewritten as
Applying a shift l → l + 1 to (43) gives
Adding (43) and (44), we obtain
which leads to (32). Equation (33) gives the discrete hodograph transformation
which leads to the hodograph transformation (5) in the continuous limit. By taking care of a complex conjugacy condition of τ -functions in Lemma 1, we obtain the above constraints on parameters for soliton solutions.
Remark 2
The above semi-discrete complex Dym equation can be written in the following self-adaptive moving mesh form [12, 13] :
We can also obtain the following theorem about an integrable semi-discretization of the real Dym equation.
Theorem 2 An integrable semi-discretization of the real Dym equation is given by
where r l , X l , ǫ ∈ R, l ∈ Z. The semi-discrete real Dym equation is transformed into
The N -cusped soliton solution is given by
Proof The derivation of (49) from bilinear equations (51) and (52) is same as the one in Theorem 1. Equation (50) gives the discrete hodograph transformation
which leads to the hodograph transformation (11) in the continuous limit. In the case of the semi-discrete real Dym equation, there is no constraint on parameters of soliton solutions in Lemma 1.
The above semi-discrete complex and real Dym equations arise from the motion of discrete curves [14] . 
(58)
These tau-functions satisfy the bilinear equations 
Proof See [10] .
Theorem 3 An integrable fully discrete complex Dym equation is given by
where r m n , Q m n , Z m n ∈ C, an, bm ∈ R, m, n ∈ Z. This is transformed into 
where τ * m n is a complex conjugate of τ m n . The N -soliton solution is given by
Proof We show that the tau-functions of the bilinear equation (64) and (65) satisfy the fully discrete Dym equation. Subtracting (64) from (65), we obtain
Adding (64) and (65), we obtain
Dividing (71) by (72), we obtain
This gives (62). Equation (63) gives the discrete hodograph transformation
which leads to the hodograph transformation (5) in the continuous limit. By taking care of a complex conjugacy condition of τ -functions in Lemma 2, we obtain the above constraints on parameters fot soliton solutions.
We can also obtain the following theorem about an integrable fully discrete real Dym equation.
Theorem 4 An integrable fully discrete real Dym equation is given by
where r (81)
Proof The derivation of the fully discrete real Dym equation from bilinear equations (79) and (80) is same as the one in Theorem 3. In the case of the fully discrete real Dym equation, there is no constraint on parameters of soliton solutions in Lemma 2.
Remark 3 Equation (78) gives the discrete hodograph transformation
which leads to the hodograph transformation (11) in the continuous limit.
The above fully discrete complex and real Dym equations arise from the motion of discrete curves [14] .
Based on bilinear equations, we also obtain another form of fully discrete complex and real Dym equations. 
where r m n , Z m n ∈ C, an, bm ∈ R, m, n ∈ Z. This is transformed into 
The N -soliton solution is given by
Proof The proof is similar to Theorem 3. 
which leads to the hodograph transformation (5) in the continuous limit. (1 + a n ′ p i )
where p i , α i , β i ∈ R for i = 1, · · · , N .
Proof The proof is similar to Theorem 4. 
which leads to the hodograph transformation (5) in the continuous limit.
